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Re *1*1 Network s 

First of all a few definitions must be given. 

Definition P A graph consists of vertices and edges, each edge 
connecting two vertices. A graph is « onnected if every pair of vertices 
can be joined. 

Defin iti on i : A t ree of a connected graph is a connected subgraph 
containing all the vertices and no loops. 

Definition J: An oriented g ra p h is a graph in which each edge has 

assumed an orientation. 

Definition 4: An incidence matrix J& (vertex matrix) for an 
— — — s*a 

oriented graph with v vertices and e edges is a v by e matrix 
whose ij** 1 element is 

+ 1 if edge j i- connected to vertex i and directed 
away 

a. -I if directed opposite to above 

»J 

0 if edge j does not touch vertex i 

The following is an example of a connected graph and the corre- 
sponding incidence matrix. 



Connected Graph Incidence Matrix 
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If a vector £ is made up of edge currents then Kirchoff's 
current law can be expressed as 

4 , 4 . • 2 (» 

D efinition 5; A reduced incidence matrix 4 is obtained by de- 
leting one row of 4 

Theorem 1: Reduced incidence matrices are of rank v-1 (v 

being the number of vertices). 

P roof: Consider a tree of the graph. It will have v-1 branches 

which can be numbered 1 ,2, . . . , v-1 . Then the reduced incidence 
matrix of this subgraph is nonsingulai . But, the columns of this matrix 
are a subset of the columns of part of 4 • 

Thus, 4 * s alsoof rank v-1. I 
It is also true that 

d = 0 ( 2 ) 

in fact, the extra row of 4 is just a linear combination ot the rows of 4 

Si 

so there is no loss of information in using (2). 

There exist voltages, denoted “V* n * suc ^ that branch voltages 
'V' G can be generated by as follows 

4'r„ * x. < J > 

To demonstrate this relation break up 4 into 4 j. the v-1 by v-1 
nonsingular matrix which evolves from a tree of the graph, and 4, 
made up of the remaining columns. With this partitioning of 4 . an d 
by partitioning into and > associated with 4\ a nd 

4 respectively, we have 1 . 




Now since in invertible we immediately have a candidate for the 

"node" voltages 7C n in 


r„ - fei <*» 

Since this assures the equality in (4) of the first v - 1 voltages, the 
t ree voltages, the rest follow from the fact that thes" tree voltages 
completely determine all of the voltages. 

Introducing now resistors and voltage sources as branch relations 


14 , ♦ * te «■! 

then we can replace 

A'Yr, ? i' * 5 „ <?> 

and letting % inverse be $ , then 

2A'r„ -- s&, <■» 

* A £ 6 e o) 

So if ( 4S.4 ) has an inverse then 

r„ * WSJf'jse, "°> 

r,. A<A2-4'>'as&A <»» 


Definition 6 ; Let ' be called the node admittance mat r i x . 

It can be shown that if the branch edge conductances are positive 
then the node admittance matrix is nonsingular. 

This development Joes not exclude the possibility of voltage sources 


linearly dependent upon edge currents. 
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The following diagram illustrates some of these relationships 




branch 
voltages in 

te rms of tree 
voltages 



F rom this it can be seen that 


i .j 

branch 

relations 


A 

> 0 

KCL 


X ,= ' a'r n -n 

So the edge currents lie in a subspacs which is orthogorsl to the edge 
voltages. In fact, together these subspaccs cover the whole space 
(Tellegen's theorem). 

From Eq. 1 it was seen that Kirchoff's current law could be ex- 
pressed in a very simple form. It is now shown that Kirchoff's volt- 
lew can be expressed in a similar equation 

* a r e * ° < I3 > 

where are the voltages across the edges of the network. 

The appropriate elements of the JQ matrix can be found by 
numbering all the possible loops in the network and letting 


+ 1 if edge j is in loop i and oriented the same way 


b_ = ( -1 if oriented in the opposite direction from above 

0 if edge j is not in loop i 


Because there is much duplication of information in $ be- 

cause of the overlapping of loops, it becomes advantageous to find 
linearly independent rows of .§ . 

If we have a tree of a network, then adding a link from the link 
set forms a loop through that link and the tree. Choose the orientation 
in the loop the same as that in the Itnk. With e anti v the number of 



edge* and vertices we see that we have formed e-vfl loops by adding in 
all of the e-v-fl possible links. 

Definition 7 : Let $ ^ , the tundar irntal loop mat nx . be the* portion of 

the ^ matrix formed with 

-loop 1 


3, 





l 

1 

1 

I 



. 

• 

• • • 

1 

1 

1 

' 

• • • 

t 


link 1 link*! ... link e-vfl tree edgei 

i 


•-loop Z 
•-loop e -vf 1 


where loop i is associated with link i. 

Theorem Z: Fundamental loop mat rices are of rank e-vfl, where e 

and v are the number of edges and vertices. In fact, they are of the 
fo rm 


3, • U e . v+ ,.3,1 <>e 

where _I ^ v+ ^ is the e-v+1 identity matrix, and is a e-vfl by 

v - 1 matrix. 

Proof - In the formation of the i** 1 loop is obtained by 

adding the i*^ link and taking the loop through just that link and the tree. 

Thus, no other link can be involved in the loop, and the orientation was 

chosen in the positive sense. So the e-vfl identity matrix is shown to 

be in { Thus, is of rank at least e-vfl. However, has 

only e-vfl rows so that must be exactly its rank. The rest is obvious. I 

If the currents in the fundamental loops are numbered as in the 

rows of and denoted j (sometimes called the mesh currents), 

1 “-m 

then it can be shown that 

S\t m - i. 

Recalling the form of £ ( Eq . 14) we see that 


( 15 ) 


6 - 


3 ;* 

( * m 



but is thin equal to $ . Bccauie we haveequality for a fundamental 
set of currents, that is, equals its respective portion of J f , 

and since all the currents can be expressed in terms of these, then 
equality must hold throughout. 

Now introducing resistors and voltage sources 



then we can replace 





( 16 ) 


r. ■ 

multiplying by 

2 ■ rSf Tf e * 2' f £ m f Sftl 

7 - ^ 


(17) 

(18) 

(19) 

( 20 ) 


We can now construct the following diagram 


node 

voltages 


4 ' 


edge 

voltages 


Y 

i n 


branch 
voltages in 
terms of tree 
voltages 


-3 f 


0 - 4 - 


KVL 




Ij (identity) 


Y 

Lc 


edge 

currents 


branch 

relations 


branch 

relations 




KCL 


J (identity) 


8 \ 


t > 


branch 
currc-nts in 
terms of loop 
currents 


• m 


mesh 

currents 


Basic Diagram of Relationships 
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For aon-:J specific porta we wish now to synthesize a network 
which yields 



P 


* v 
" P 


( 21 ) 


Considering branchea of the types 




• v ti ♦ r, i 
l i ' * «i v l 


(ii) 
U It 


what aort of networks can be built? 

First, assume we have an arbitrary n-port network. If we put 
current sources on the porta we can solve for the impedance of the 
network by finding the voltages across the ports. 

V.'e know that 


T, ■ j*'r„ <“> 

but with current sources now 

2,+SX., ■ i, <”• <«> 

+ 4G4 'Y u * o (it) 

thu. Y n = W 2 . UV 

1 4'X n ■ <«> 

Define a new matrix K such that 


J = -K i 
* s - -| 


( 29 ) 


where the minus sign comes from the reversed orientation at each 

+ o -»■- 


port: 



8 


The refore , 


l + 1 if port j in across branch i and oriented 
oppositely 


Nj * 


-1 if oriented opposite to above 
0 if port j is not across branch i 
It can also be seen now that the relation 

v » K' V 

— p — L e 

holds, and so from Eqs. 28, 29 and 30 


Vp = is' 


(30) 


(31) 


or 


t v « 


M) 


What now can be said about this arbitrary Z 9 I n other words, 

P 

what statements can we make immediately about a which can 


be synthesized 9 

('» Z„ • 


?' : Since G = G' 

5K O “ 


then 


U4 fi^T 1 ]' = 


(33) 


so 


l' p = (fcWG^'f^B)' &'4'[{4Q4') l YA£- Zo 


v-1 


(34) 


(2) f,s ronregative definite: If the branch conduciances are 

nonnegative, then since G is diagonal G is nonnegative definite, i.e., 
Thus. 1 > 0 because with = A'y. 


xAQA'x ~ ® because G> 0 so A Ci A' > 0 ( 3 S) 

If the minimum branch conductance is ( > 0 then 

+ (G -el] A'l - € l' AA'x + xA (G -ej )A'x (36) 

But <x'AA'X>° (37) 

and this equals zero only if y i 0 because A is of full rank. The 


t 




G> 0. 
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/ 


second expre ssion on th~ right side of (46) is at least >0 so their sum, 
i .e . , d > 0» So ( j4c,jf ’) 1 exists and >■ > 0 bee m*e tim e 

x'^C}^'x> 0 OR) 

then > 0 (39) 

and for X"(4£4 , )K X-'idOS*)’ 1 1 > 0 (40) 

and thus Z K'^f' ') K> 0 (41) 


Z K'^’ ( 4 £ 4 ') 4 K> o 

(3) If there is a conductance across each element i then 

L 

4C,j4 ' > 0 and hence Ci£ ') exiitt This was prover above. 

( 4 ) ! z ,jl £ 7 XX *. j > 0 (proven by voltage gain considerations) 


( c ) Z | *“ a pa ramount m at rix . (Best 


necessa ry con- 


dition on 2 () known at this time.) This includes (4) as a special case. 

Definition 8: A matrix *s paramount if every one of its minors 

is < the princip’e minor made up of the same rows.* 

It should here be stressed that there are paramount matrices 
Which cannot be built. That is, paramountcy is only a necessary con- 
dition for Z p to be synthesizable. 

There ar.’ n -ports where there is no impedance formulation possible, 
so let's look at admittance representationsalso(many times neither will e. - - 
ist and a "hybrid" formulation must be sought). 

We make an argument analogous to that in Eqs. 24 through 30. 

With branckrelations Z & + “V* - "Y" (42) 

we define an L such that 


-L v 
P 


(43) 


then by KVL writing ^ for since there will be no confusion 

with othe r ' s 


•See Kami, S., d e_typrk Theory: Analysis end Synthesis . Allyn end Recon, 

I4AA, p. 418. 
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#Z1 C - 

sy ^ 1 * 2 

(441 


#m- * 2 

(45) 

im = 

<-8i'fi’>' l .S Lip 

(46) 

*e s 


(47) 


and with 

-ip ■ I.'*. 

(48) 


ip ■ ca'ifizjv'tffcVp 

(49) 

or 

V = L' £ L 

(50) 


A diagram follows which will help with conceptual understanding 
as well as being a n nemonic device. Assume all the sources are in 
place, and assume that 'T* r and j/ r are the voltages and currents 
in the resistive branches. and are not related physically to 



« 
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Pefinition 9 : A.i n by n real symmetric matrix A is dominant 

n 

if 2a,, > I |a.. for all 0 < i < n. (SI) 

il — . ij - — 

jrl J 

definition 10 : A matrix A is hype rdominant if it is dominant 

and a.j < 0 for }/j. 

It is true that all the hyperdominant 
matrices are contained in the space of all 
dominant matrices which is contained in 
the set of all paramount matrices. The 
paramount matrices are a subset of 
positive semi- definite matrices which are 
a subset of all symmetric matrices. 

Theorem 3: A necessary (and sufficient for n£ 3) condition for 

an n by n matrix to b»* the impedance or admittance matrix of a 
resistive n-port is the paramountcy of that matrix. A sufficient con- 
dition for an n by n matrix to be the admittance matrix of a re- 
sistive n-port is th> dominance of that matrix. 

Proof ; The entire proof of this theorem is long and tedious so 
it will not be covered. However, two parts of the proof are constructive, 
in that the matrices are synthesized. These two results follow. 

Synthesis Result 1 ; A 2 by 2 matrix can be realized as an im- 
pedance of a 2-porf if and only if it is dominant. To show this consider 
the following two networks and their matrices. 


Symmetric 
mat rices 
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V r j r i ' 


' i r 


"V 


r 5 "s 






or 


= 




T i V r i 

W «■ 




. v 2. 


’ r S r 6 +r S. 


b *2„ 


( 52 ) 


Since these are the only forms a 2 by 2 dominant matrix can take, 
then we are finished. 

Sy nthesis Result 2; A matrix can be realized as an admittance 
matrix if (no only if) it is dominant. To show this note that any domi- 
nant matrix Jl can be decomposed as follows: 


»- 


'u 

I 

12 


12 


0 . . .0 


I y 12 1 o ... o 
0 0...0 

i i...i 


’ 0 

0 

0 


j y . . 1 0 y. . 


0 

0 0 0 

0 


y. . 0 |y. . | 
ij - 7 ij 


0 

0 

0 


13 


13 


0 

0 


y 13 

0 

ly 13 


. . . 0 

. . . o 


0 

. n 

2y n-fii 

o 


♦ . . 


(53) 


li 


. . . 0 
0 


2y 22' Z . ,y 2i 
1=1 . 


... 0 

I ... o 

• • 
n 

2y -Z | y . 
7 r.n . _ j n l 


whe re 


‘j 


occurs in the ii and jj positions, i.e., on the diagonal. 


1 


So we have -j(n -n) terms plus one term to make up the missing 
amounts on the diagonals. Consider now the following two networks of 
conductances and their matrices 



+ 4 








-13 

- 








_ _ 


_ _ 


_ 

‘l 


a -a 


V 1 


‘l 


b b 


V 1 



-a a 

m — 




. l 2. 


b b 


> v 2. 


The claim now is that network* of these type* may be superimposed to 
take care of all but the last term in Eq . 53. This last term, however, 
has all nonnegative elements because is dominant. To take care 

of this last term we simply take, for each i, a conductance of the same 
value as the i** 1 port. The critical point in this admittance synthesis is 
the fact that when a number of ports are shorted, no current flows be- 
tween any two of these ports. Because of this, superposition can be 
used. This is where resistive synthesis like this would faii. 


Example: 

This is a 3 

by 3 

exam 

pie of the 

second synthesis 

result 

. Let 

y 

be dominant 

, then 







’ y ll 

y l 2 

y 13 


ly 12 l 

y 12 

0 


l y nl 

0 y 13 

II 

y 12 

y 22 

y 23 

s 

* 12 

,y 12 1 

1 o 

+ 

0 

0 0 


y 13 

y 23 

uu 

1 


0 

0 

0 


/IS 

0 b,jl_ 


0 

0 

0 


yi,-ly u l-lyi,l 

o 

o 

» 

0 

l y 23 1 

y 23 

+ 

0 

y 22 -ly 12 My 23 l o 

0 

y 23 

1*23 1. 


0 

0 y 33" I y i3 1" l y 2 3 1, 


(55) 


Assuming for the sake of example that y^ <0, y^ > 0, y^ < 0 and 
22' l y 12 I “ I Y 1 3 I = 0 • Then the network will have the form 


assume y 
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Three -port Network Synthesized 


from a 


Dominant 




The question arises: Can every dominant matrix be synthesized 
as an impedance matrix? This question has not yet been answered. 
(Warning: although the inverse of a paramount matrix is paramount, 
the same is not true for dominance). 

The synthesis of a particular type of matrix follows. 

Sy nthesis Result of a Special Case; Any dominant matrix which 
is in tri-diagonal form, that is 


V r 


r u r u ^ 

^ 0 

r \Z r ZZ r 23 ^ 

\ 

^ r 23 r 33 

\ 

0 ^ 


\ 


\ * r n-l,n 

r i r 

v. n- 1 , n nn 


\ 


(5fc) 


can be synthesized as an impedance matrix of the network 


-Im- 


port l port 2 . p®«"t n 



The polarities at the ports are determined by the signs of the off- 
diagonal terms. For example, if r. .^j= -|r. . + j | then the polarity 
of port i+ 1 is the same as the polarity of the i** 1 port, if r. . + j = 

| r. . + j I the polarities are oppositely oriented. 
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RC Netwot - s 

Consider now the addition of dynamics to the resistive 
n-pori network. Capacitors are used for these dynamic elements, 
thus branch relations will depend on s, the Laplace transform 
va riable. 



t = Cs v 

(1) 

or 

i(t) « C 

U) 


One method of analysis allows the branch relations to depend 
on s as in Eq. 1 and then to proceed as before. This procedure is 
however limited in that the resistances must be constant. 

Another method of analysis jnvolves extracting capacitors 
ind considering the resulting capacitive n-port as coupled to a 
resistive n-port. This is the method which will be used here. 



Extraction of Capacitors Leaving a Resistive Network 
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Consider first the admittance form. With i as the currents 

“P 

in the capacitors and as the currents in the sources, the resis- 
tive network yields the admittance relations 


i 


— a 



S 




£ll —12 


—2 1 —22 




( 3 ) 


defining 


A 

C = 


0 

c 


0 

0 


( 4 ) 


so, in matrix form 


ip ■ -3T^ 




with this and the symmetry of the resistive network, G^, j = 


— a 


°,1 


— 1 2 

—22 




( 6 ) 


Another form of Eq. 6 results from making the substitutions 

1 


= % 


and ip = £ % 


( 7 ) 


If new we can solve for i in terms of v we will have the 

—a —a 

general admittance relation of the RC network. It is important to 
note, however, that this "extraction of capacitors" method is not 
always topologically possible. However, in this analysis we assume 
the capacitor currents to be independent, while in fact it is possible 
to connect capacitors in such a way as to make their currents 
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dependent on one another. When this problem occurs it can be 
eleviaied by introducing r resistors, and then letting r approach 
zero after the analysis is completed. 

To find the RC admittance formula first take the Laplace 
transform of the lower portion of matrix Eq. 6 (assuming R's and 
C's constant). 




• S £V 8) * -»2^ (8) + ^22V 8) 

(8) 

so 

lfj(s) * " ♦ C 22 )" 1 G' 12 ^(«) 

(9) 

but again from 

Eq. 6 





±J 9 > = £,,^(8) + g 12 ^(s) 


(10) 

thus 

±a (s) = SiiXa (9) • °i 2 (Cs + C 22 ) _1 C 

ii2io ( *> 

(ID 

or 

Y(s) 



(12) 


What properties does this YJ, s) have 

(1) jf(s) is symmetric . Because Gj j * G j j and G^ = G^ 

for the resistive network we can see immediately by Eq. 12 that 

Y(s) = Y'(s). 

(2) All the poles of the entries in Y(s) are nonpositive real. 

We will prove here that these poles are real. From Eq. 12 notice 
that the poles of Jf(s) are the poles of (C^s + However, 

since the elements of adj(C^s + G^) are just polynomials, and since 

adj (C s + G zz ) 

(Cs + g 22 ) = dPt (C, + 6 22 ) (13) 

then the poles of Y[s) are the zeros of det (C^s + G 22 ). Define now 

yC such that \J~E_ >/^ = C^. Now det (Cs + = 0 if det (>/C_ *£s /C * + 

yc- 1 C 2 z /c * 1 ) = 0, that is if 
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det U » ♦ * 0 


So we have shown that the poles of Jf(s) are the eigenvalues of 
SC G > 2 ^ • But because C and G, , are symmetric then this 

matrix is also, and since all symmetric matrices have real eigen* 
values we are done. 

A slight mathematical digression is now necessary. The 
following corollary will aid in the solution of the RC impedance 
relation. 

Corollary 1 (Partial Inversion Formulas): 

Given a matrix formula 


— n —i2 ii 


£'12 *u ii 


with _R s ft' and _R^ invertible and given the matrix formula 


Mil 

Ml 2 

Mi 2 

M 22 

m 


with Mj j = Ntj i and = M,, which is invertible, then 








— 11'— 12-S22 £'l2 — 12— 22 


'£22 *£'12 


£22'' 
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where the dimension of v^ equals the dimension of i j and the 
dimension of v~ equals that of i^. 

Now for the RC impedance representation we again pull out 
the capacitors and find the relations 
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With the partial inversion formula of Eq, 18 and by replacing i 
A 


with 


C v„ we obtain 


dt 


— — 


• 

• 


- 


s 

Mi, 

M,2 


la 

d _ 

"dt^ 


•Ml 2 

M 22 


-P 


( 20 ) 


Using a procedure very similar to that used in Eqs. 8 through 12 
produces the impedance result 


Z(s) 


M,, 


M U (C« 


+ M 22 ) 


— 12 


( 21 ) 


What properties does this RC impedance, Z^(s), have 

(1) Z(s)is symmetric. 

(2) The poles of the entries of Z(s) are real and nonpositive. 

The proofs of these facts are nearly identical to those in the 
admittance case. 

More can be said about the properties of RC admittance and 
impedances. In fact a,l the possible forms for the plots of th »se 
functions can be displayed once we know the result of the following 
theorem. 


Theorem 1 : The impedance of any RC network can be 


expressed in the form 




21 


Z(.) 


Z(u>) + ^ 
1 ■ 1 


(■ ♦ up — i 


( 22 ) 


where J<| * R. > 0, s. > 0 and 7(a o) » hlj j the symmetric matrix 
cf Eq 21. 

Proof : Consider an/ symmetric matrix S. Since S = S* 
then there exists a matrix 14 which is orthogonal, i. e. , lljV * 1 , 
such that 


hsh' 




(23) 


0 


0 


*n 


where the are the eigenvalues of S. Now from Eq. 21 we can 
write 


Z(s) 


so Z( s ) 


Mj j -f M^(\^ Z ? n + (24) 

Ml, + M u /iT' 1 (I s + Z£‘‘ M 2Z ^‘ 1 )' 1 y5’ 1 J4 , i2 (25) 


The matrix JT5 * As symmetric, so there exists an 

orthogonal H such that 

h' 1 H = D (26) 

i 

where 13 is diagonal with real, nonnegative entries (because = 

M ^, ^ > £). From Eq. 25 it can be seen that 

Zjs) = M n + M, ZC _1 H(H'Hs + > 


( 27 ) 
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letting B H SE 1 M u 

then £(•) ■ M n ♦ B'(I* ♦ D)' 1 B 

If we let the diagonal elements of D be *. then 


(28) 

(29) 


£(■> 


M n ♦ B 


(■♦•.) 


-1 




-1 


0 

0 


B (30) 




hiiumF for the moment that the s. are distinct, then 


-1 


n 


£<•> ■ M„ 'T.Tk-Z'ZiiZ 

i« 1 1 


(31) 


where E,. is the zero matrix except for a one in the i, i position. 

~ M 

So this £ — ji— B*e —i we sou Rht and it is indeed symmetric and 

nonnegative definite because _E^. is. 

On the other hand, if the s are not distinct, then instead of 

i i 1 

B E. . B we would have B E.. .. , , B wnere \ = \ s • • • s \ 

— — ii — ""i*! jji * * • # kk** i j ic 

and E.. .. has "ones" in the indicated positions with zeros 

JJ, * ' * , KK 

elsewhere. But these new ^ matrices aie still symmetric and non- 
negative definite so the reasoning used in the "distinct" case is still 
valid. | 

Now for the special case of j£(s) a scalar we can show the 
form of the plot of £(s) versus s. 

Lemma 1 : If 

n 

7.( s ) = m + ) - — 

i = 1 1 


(32) 



with a. and s. real, a. > 0, > 0 and m^ > 0, then the polea 

and zeros of Z(s) are real and they interlace with a pole closest to 
(or at) the origin. 

Proof : Let s be a real variable, then 


d p, | & d 
Z{n) ■ 


s + s, 


♦ m 


1 1 


i = 1 


V 7 < o (JJ| 

IT! 


and for s real this derivative will exist for all s and will be strictly 
less thaw aero. So Z(s) cannot cross the zero line more than once 
between poles. Because Z(o) > 0 of all the poles and zeros there 
must be a pole closest to the origin. 

Now by substituting into Eq. 32 Z(o) is either oo or Kj >0 
and Z(oo) is 0 or > 0. And because Y(s) is Z(s) * then Y(o) 
is 0 or Kj > 0 and Y(oo) is -oo or > 0. So we can graph these 
functions. 




General RC Impedance and Admittance G r iphs 


24 - 



where a, < 0. That is indeed negative can be seen from Y(s) 
monotone increasing so 



( 35 ) 


and thus a^ < 0. 

There are four specific methods of realizing Z(s) and Y(s) 
which will be presented before covering the general form of all 
realizations. 

Foster's First Form : Consider the simple resistive 
network 



Resistive Network for Foster I 
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The R matrix ia then the P +1 by p + 1 matrix 



(36) 


See the M matrix is 



(37) 


From Eq. 21, connecting capacitors across the voltages of the 
resistive network above 



( 38 ) 
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Thus, 


Z(s) = 


r 

o 


♦E 


r i 

r. C . ■ + l' 


(39) 


and so any RC impedance, Eq. 32, can be synthesized by Foster I. 
To put Eq. 39 in the general form of Eq. 32 set 


r 

o 


m 


11 


Cj = V a j and 



Foster's Second Form : Consider the admittance of the 
resistance network 



1 

I 


Resistive Network for Foster II 


The Jl matrix is then (3 + 1 by p + 1 as is the corresponding ^ 
matrix and these will have following forms 


r i 1 

r i r r • • • r 

o i o o o 


E 4 [ ! _1 Ai V r z ••• " V r p 

ieo 1 | 

- - + 



r * r +r, r • • • r 

o | o 2 o o 

r ! r r +r, • • • r 


" V r 2 | Vr 2 0 ... 0 

* V r 2 | 0 V r 2 0 

o | o o 2 o 

• ■ • • • 

• Is • • 

or G = 

• * • • • 

1 

r 1 r r • • • r +r 0 

O | o o op 


: i : : : 

• I • • • 

i 

" Vrp | 0 0 -.. 


( 40 ) 
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where G is the network's admittance matrix. The M matrix with 
a drive of | J can be found from the G matrix by using partial 
inversion formula (17), so 


1 


‘Ai i? 0 T^T 

i/1 1 2 

T^r ‘/ r z So 1/r i 

2 1 i/2 


r p r 2 


r l r p 


r 2 r p 


• • /*p So / r i 

i/P 


If we put capacitors Cq, Cj, •••, across the positions indicated 
in the network diagram then we can solve for the admittance at the 
a-port directly in terms of the G matrix of Eq. 40. 


Y(s) = Gj j - G 12 (C s + G 22 ) G, 2 +C o s 


22' -12 1 o 


Thus, 


C . s 

1 r , 


E — - P- — * * • — ] 

i= o r i [ r 1 r 2 r p| 


C,s + — 

2 r 2 


C fl s ♦— ± 

P r P r p 


( 43 ) 
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And eventually we find 


Y(s) 




i = I 


C i S 

r j C. s 4 i 


+ C s 
o 


( 44 ) 


and so any RC admittance, Eq. 34, can be synthesized by the Foster 
II method by letting 

1 1 *i 

r = t— C=a r , = / and C, * /s { 

o d o o i 'a. i ' 1 

o i 

Ca uer's First Form ; Consider the network represented by 
the block diagram 



Block Network for Cauer's First Form 


By inspection the form of Z(s) for this network can be seen 

to be 

Z(s) = Z Q (s ) + ^Yj(s ) + ^Zj(s ) + ,,, ^Zp_j(s) + ^Yp(s ) + Z^” ^ ( s ) 

( 45 ) 

which is called a continued fraction. If now the Z.'s and Y.(s)'s 
i l' ' 

are replaced by r. and C.s respectively then the network and 
impedance equation become 
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r p 



7.(,) = r c t(c,(.) +(r, + ••• (rp., t(c p . 4 "p" 

(46) 

The values for r. and C. can be found for a specific 7.( s) by 
repeatedly dividing and inverting. The jt_ and N1 matrices which 
correspond to Cauer I t an be found to be 





— 

p 

E r i 

i= 0 

1 £•> • 
i - 1 

r p-i* r P 

r « 

P 

E'i 

is l 

• 

' A 

! E r ) "• 

1 is 1 

1 

i : 

r p-.* r e 


• 

Vl* P 0 

r p-i* r P “* 

i 

r P -i * r , 

r * 

P 0 

- 

r 

1 0 

r * 



( 47 ) 
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Again the values of resistors and capacitors can be found from a 
specific Y(s) by repeatedly dividing and inverting. The corres- 
ponding R and M matrices are 



Suppose now that we have a realization of 

Z(s) = Mj, + Mj, (Cs + (52) 

We may ask when is the most general representation of ^(s) 
possible. In what is to follow the intent is to find a form which 
covers all possible representations although it may also include un- 
realizable representations. 
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The impedance in Eq. 5 Z remains unchanged if we change 
the capacitance by 

- 1 / . . r7* ~ 1 n* - \\ r* . * ' 


Z(s) = M j j + M u ^ >/£ )>/£ m' j? 


(S3) 


Now let T be any n by n orthogonal matrix, i. e. , JTJT =^* F° r 
i by i the moat general JT is, for any fl, 


T = 



— 

— 


» 

“ 


cos 0 

sin 0 


cos 0 

sin 6 

s 

-sin W 

cos 0 

or 

sin 0 

-cos 6 


— 

- 



- 


|( 54) 


A 3 by 3 JT can be (Euler) 


- 

- 


- 


- 


— 



cos 0 sin 0 

0 


cos 4 

0 

sin 4 


cos 4i 

sin<|» 

0 

Tsinft ±cos 0 

0 


0 

1 

0 


?sin 1/ 

tens 4i 

0 

0 0 

1 


Ts in 4 

0 

±<. os 4 


0 

0 

1 

_ 



mm 


- 


- 


— 


T = 


(55) 

for any 0, <j>, and 4*. 

So we can further generalize Z(s) as 

Z(s) = M n + M ^-‘T’ds + TvfC'*M 22 ' 1 T V 1 T 7^ ' 1 

(56) 


Finally, to be completely general, instead of being confined to the 
use of the identity as the capacitance matrix we may use any capaci- 
tances we wish, say 1<, by noticing that 

Z(s) = Mj j +M 12 v^ _1 t'v^(Ks +^Tv/T” 1 T'fR)~ l JKTsfZ~ l M ^ ^ 

( 57 ) 

Thus we have generated the form of all the possible realizations 
given a particular realization, i. e. , given an M and C. 
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Diagram Showing Relations between Network Representations 
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The matrix diagram which thowt the relations* between 
these different representations is given on the previous page. 
Here, since must be the same in any representation ietine 


~ A A 
v « v 
“P ”P 




P 


( 68 ) 


Cf course, there may not exist realizations for each possible _T. 
And, in fact, given a desired K it may be an involved process just 
to find a T for which a realization can be found. That is, we must 
find a T for which 


M = 



-s/Rt ^' 1 m ' 12 


t'/R 

v^Zv^- 1 M 22 v^- 1 T\ / R 


(59) 


or rather 


R = 


Mi i + Mi 2 Mi2 — 12 


m-'t/t- m 2 ; 1 m' 12 


m 12 m 22 -‘^- t' /R* 1 
tr ' 1 t m 22 1 t' /r ' 


(60) 


is realizable. 

We now look at an example of the realization of an impe- 
dance using the two Foster forms and the two Cau?r forms. Then 
we will see where these fit into the family of all realizations. 

Example : Consider the impedance 

z <’> * + «" 


To find the Foster I realization notice that 


7 A s) 


s + 2 _ \[_L 1/2 

(s + 1) (s + 3) s + 1 s+1 


(62) 
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So the Foster I network is 



Thus, to see what the R matrix is for this network examine; 



therefore 



V 3 

• 1/2 
i _ _ _ 

1/6“ 


r® *_l 

R = 

1/1 

\* 

0 

M s 

-1 | 2 0 
i i 


1/6 

0 

1 

1/6 


! 0 6 J 


We can now check this via Eq. 52 to see if we have the correct 
realization 


Z(s) = 0 + f 1 


2s +2 

0 

-1 

1 

0 

2s + 6 


1 

_ 



_ _ 


1 

I7TT 


JTTT 


(64) 


and this checks with Eq. 62. 



Now find the Foster II reaii*?tion for Z(s). Since 


Y(.) 


s^ -f 4s ♦ 3 

■ 4 i 


( 65 ) 


then 


Y(s) _ s^-Ms + 3 

. * “r.'-izr 


♦ 


irrrr 



( 66 ) 


Y(s) - 



(67) 


Therefore, the Foster II network is 



Foster II Realisation 


and the corresponding R and ^ are 



r 1 

2/3 1 

f ■ 


2/3 


r 1 
0 1 
1- 

l 

0 

R = 

2/3 1 

2/3 • 

L i 

2/3 

2/3 

M e 

•1 1 
1 

0 • 
L i 

2 

-1/2 


2/3 

8/3 


-1/2 

l/2_ 


which also checks when ^ is put into Eq. 5 2. 


The Cauer I form of thin impedance come* out of the cal 
culation 



Z(s) 


-4AAA- 

1/2 


W-, 

1/6 


^ 

T 


Cauer I Realization 


This network yields jl and matrices 



2/3 1 

2/3 

1/6 



Oil 0 

R = 


2/3 

1/6 

so 

M = 

-1 1 2 -2 
1 


_./6 | 

1/6 

1/6 



1 

00 

N 

• 

o 

1 


Y(s) 


Finally, the Cauer II form of Eq. 58 is generated from 


3 + 4s + a 1 " 

3 . 2. 5s + s^ 

- 4 + 

( *♦. Y* 

2 + s 

s 7 + 


\2. 5s + s 2 / 

- 1+fJ- + 

.2 \ 1 =4+( 

— W 


' 7 + 1 T7 + 

2. 5 + s / 1 ' 

5 s V 


( 69 ) 


(70) 


( 71 ) 
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therefore 



Cauer II Realization 



'2/3 j 

_-2/_3_ 

0 - 


’° . 

-1 

-1" 

R = 

-2/3 1 
1 

56 

7 ? 

2 

‘15 

so M = 

► 

1 1 
1 

3/2 

3/2 


1 

0 1 

2 

'2? 

2 

15 J 


1 

J 1 

3/2 

1 4 _ 


Notice that the Foster "series" form uses as little total 
resistance as any of these realizations whereas Fo» ter's "parallel" 
fcrm uses the minimum total capacitance. 

As a final application of the transformation ideas consider 
the following realization of the previous impedance whii h is not cne ot 
the standard forms 


+ 

Z(s) 


1/3 

A/W 


1/3 



AA/V — | 



Nonminimal Realization 

It can easily be verified that for this network we do indeed 

have 


Z(s) 


s + 2 

(s + l)(s + 3) 


(73) 
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*2/3 1 

2/3 

1/3' 


’011 o' 


R « 

*/3 T 

2/3 

1/3 

and M = 

1 

-1 I 2 -1 

(74) 


1/3 ! 

1/3 

2/3 

1 

0 ; -i 2 



We thus have five different realizations of this same impe- 
dance and it is interesting to find the transformations _T of Eq. 57 
which relate these different representations. First we will norma- 
lize all of these realizations so that they all are of the form of 
Eq. 53, then we can easily compute the JT's which transform one 
into another. 


We will call 


T 


cos 0 sin 0 I 

-sin Q cos 6 J 

a rotation of 6 decrees , and 


T 


cos 0 sin 6 
sin d -cos d 

a reflection of d degrees . 


(75) 


(76) 


Thus, we notice from the table on the following page, that 
the normalized, i. e. , unit capacitance , Foster II and Cauer I 
forms are identical to the nonminimal form. Foster I is a 45° rota- 
tion of the nonminimal form and Cauer II is a reflection of about 
243. 5° (180° + arctan 2) from the nonminimal form. 
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Scaling Transformations 

Recall the necessary and sufficient conditions for some Z(s) to 
be realizable as an PC driving point impedance: 

(1) The poles and zeros of Z(s) interlace and a pole is 
closest to the origin. 

(2) All poles are nonpositive real and the residues at the 
poles are positive real. 

An equivalent RC condition on Z(s) is: 

n 

Z(s) = Z(uo) + ^ (1) 

i = 1 ‘ 

with a. and s. real, a. > 0, s^ > 0 and Z(ao) > 0. 

Consider now an RLC network with impedance Z(s) and a fixed, 
arbitrary topological arrangement of the system's elements. Denote 
this network by (L, R, C *, Z(s)). Keeping the topology fixed there are 
two fundamental types of transformations which can be performed: 

(1) Magnitude Scaling 

T(q) : (L, R. C’ *, Z(s)) -i_* (qL, qR. oC* l , aZ(i)) (2) 

(2) Frequency Scaling 

P(P): (L, R. C' 1 . Z(s)) (pL, R, ^C' 1 , Z(ps)) (3) 

Case 1 : Given an arbitrary RC network consider the effect of 

scaling its magnitude by s. 

T(s) : (0, R. C' 1 , Z(s)) (0. sR, sC' *, sZ(s)) 

= (R, C' 1 , 0, sZ(s )) 


(4) 
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because sR acts like the impedance of an inductor of value R, and 
sC * = C * acts like the impedance of a C * valued resistor. Notice 

that what we have left is just an arbitrary RL network. 

Thug, any RL network must be such that Z^^(s) is an RC 
impedance. The interlacing property of the RC poles and zeros can 
then be graphically interpreted for the RL case. There are two possi- 
bility s : 



Z RC<-* 






Z RL (s) s?. RC (s) 


■-» — • — m — e — *- 




Z RL (s) = sZ RC (#)1 


s 


Pole-Zero Plots for Topologically Equivalent RC and RL Networks 

So the poles and zeros of * nte rlace, with a zero closest 

to the origin. In fact RL impedances will also have partial fraction 
expansions as in Eq. 1. 

Case Z : Given an arbitrary RC network consider the effect of 
scaling its magnitude by y/s. 

T(v/i) : (0, R. C" 1 , Z(s)) 7* |0, y/sR, (/sC* 1 , i/jZ(s)) (5) 


Substitute p for y/s, then /sR = pR acts like an R inductor and 

si IS s s 


/JC" 1 -= C" 1 C 


•1 1 


— acts like a capacitance of value C. Then 


T(p) : (0, R, C" 1 . Z(s)) 


(R. 0, C’ 1 , pZ(p 2 )) 


( 6 ) 


which is just an arbitrary LC network. 

Therefore, any LC network must have an impedance Z^^.(s) 
such that Z.^ r (s) = sZ RC x's^). The pole-zero configurations for an 
arbitrary LC network can then be calculated graphically : 




Thus, the poles and zeros of an LC plot lie symmetrically along 
the imaginary axis with a pole or a zero at the origin. 



All Two Element Synthesis in Terms of RC Synthesis 
Example : Consider the LC impedance 

Z(s) = ■ s(3 - 2 . * 2 1 (7) 

<s + 1) (s^+3) 
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We can see that the topologically equivalent RC impedance in: 

z rc (,) * ^ Zt/S) * (7<m- + 5i ,8) 

In the example on page 19 of the previous section we have found five 
realizations of this RC impedance. So we have immediately five 
realizations of Eq. 7 merely by changing the resistors of the RC 
realizations to inductors of the same values. 



Cauer I Cauer II 
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The method which will be used here to analyze a general RLC 
network will be similar to that used previously to examine RC sys- 
tems. This method involves extracting all the capacitors, inductors, 
and sources and considering the properties of the resulting resistive 
network. 
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Now let uc form the following vector quantities: 



and so forth. Thus, we can display the dynamics of the reactive ele- 
ments in the pair of equations 



where C and L are the diagonal matrices with diagonal elements 
equal to the values of the various reactances. 

Assume now that the "a" and "6" portions of the network are 


the ports, and that we have added sources onto them for the purpose 
of calculating impedance (or admittance). Our objective now 


is to find 



in terms of 



Because of the purely resistive property of the "extracted 


network" we can find a hybrid description of the form: 
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where the purely resistive nature of this "extracted network" anurei 
UK of the symmetry condition* : 



M u 

s - 

*— 3 1 


.—23 

^4 


*41 

M 42 


(5) 


“11 

m 12 - 

s 

—11 

“l2* 

2 1 

hkz 


.—21 

—22. 


> 0 


( 6 ) 


“33 

—H" 

s 

—33 

—34 

M,, 

—44. 


M43 

*44 


> 0 


(7) 


Substituting Eqg. 2 and 3 into a portion of Eq. 4 

M , , M 


d „ 

d r 


4- Li 

dt 7 


M 22 M 

M M 


and 


i 

— a 


— 6 


— 12 —13 


— 42 —43 



V - 



-p 

+ 


i 

L 

1 

r 



M 


M 



T 

>1 

1 


M 


*P 


i 

~y 


— 11 —14 


— 4 1 —44 


v 

— a 


— 6 


( 8 ) 


(9) 


Consider now the task of finding the impedance of the given RLC net- 
work. In this case we would use the current sources i . at the 

— o 

driving point ports and we would try to find in terms of _i^. Thus, 

v = 0. Taking the Laplace transformation 


Cs+ M 22 

— 23 " 


A 

-P 


m 2 ; 

M 32 

Ls + M ^ ^ 


A 

i 

“7 

m — 


12 

LW 

4k 

1 


( 10 ) 
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' <a. 
<>l 


- ■ + — a 

-1 

’ M 

24 

A 

i 

-7 

r 

— 3 2 LstM J} 


M 

34 


F rom Eq. 9 



£ 6 *-[M 4 , M 4j | 

"Cs + M lL 

m z3 * 

■l 




Ls4M 33 


m 34 


i6 + M 44 l6 


Z(*) * M 44 -lM 42 M 43 | 

C» -f M 

M 2j ‘ 

-1 

'm 2 ; 


M32 

L. + M 




(ID 


( 12 ) 


(13) 


This it then the impedance of the RLC circuit provided the 
"M description" is possible after the reactances have been extracted. 
In a similar fashion the admittance may be calculated as 


Y(s) = M,,-[M u M 13 ] 

Cs + M 2 , 


-1 

* — 2l" 


— 32 

Lt + M 33 


— 31 
■ - 


If wc wish to leave the impedance (or admittance) in its most 
general form, we may redefine Eqs. 8 and 9 such that with 




(IM 


(16) 


(17) 


and then we see eventually that 


r a -1 
i 

— * Q 


- A - 

V 

n 

A 

■ (h^-h 2 ,<9» * Huf'ilij) 

u 

❖ 

U 6 J 



( 18 ) 
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It now becomei advantageous to put the symmetry conditions, 
Eqs. 5, 6 and 7, in terms of the H matrices. First, however, a 
small diversion it, necessary in the way of preparing a convenient 
form for the symmetry conditions. 

A Lorentz transformation is a transformation, e. g. , T, 
which transforms a four dimensional vector x * (x ( , x^, Xj, x^) 
into y * (y., y., y_, y.) and preserves the "pseudo- length" 

2 L z 2 '/i 2 2 2 2 */ 2 

(*f ♦ x‘ ♦ x; - x‘) - (y‘ ♦ y\ ♦ y] - yf) 


(19) 


where Tx * % (20) 

Definition 1: A pseudo- Euclidean space E n (q, n-q) is a 

space with the inner product defined as 

< x, y > - x.y. + x,y, t. . . + x y 

— ■*- q, n-q 1 7 1 2 7 2 q q 

- x y - x y x_y_ (21) 

q+1 q+ 1 q+2 7 q+2 n n 

Definition 2 : The signature matrix L (n^ n^,) has all zero off- 

diagonal terms with the first n^ diagonal terms +1 and the other 
n^ diagonal terms -1. 

So we can write 


**•1 


n-q 


x'E(q, n-q) ^ 


< x ,L(q, n-q) 

Ft 


( 22 ) 


Now the question which arises is: What transformations will 

preserve "length" in these pseudo- Euclidean spaces’ If we choose our 
transformation as A, then to preserve length we must have 


or 


x’A'£(q. n-q)A x = jc'Efq, n-q) x 
Al(q, n-q) A = L(q, n-q) 


(23) 

(24) 


So this is the condition required to preserve "length" in E n (q, n-q). 

Example: Find the "length" preserving transformations in 

the pseudo-space E^(2, 0). These transformations are just the 
rotations and reflections defined in Eqs. 75 and 76 of the sect’on on 
RC synthesis. 
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Example: Find the "length" preserving transformation* in 


the pseudo-space E^(l, 1). 

Let a general transformation A be de- 

noted by 


r* 




-He 

J 

So since 


n 

0 1 


£0. 1) * 

(25) 



to 

-u 

then Eq. 24 yields the condition 


r* 

on o t r» bi r 

1 ° *1 



- 

(26) 

Lb 

dJLo -iJL< 

: dj l 

.0 -lj 

thus 

[22 . .1 

a -c ab-cd 

m 

1 

0 


y y 

U 

(27) 


ab-cd b -d* 

0 

-1 


Therefore, a solution for the most general "length" preserving 
2. 


transformation in E (1, 1) is 
±1 0 
0 *1 


A = 


cosh 6 sinh el |Al ol 
sinh 0 cosh 0J I 0 All 


(28) 


where the 0 is arbitrary and where all A signs are independently 
arbitrary. 

Transformations of this type are called "rotations". Unfortu- 
nately, the general formulas for rotations become extremely compli- 
cated as the dimension of E increases. One frequently encountered 
case where a general expression is available* is the case where the 
rotations are in E^ n (n, n). For this space the rotations are of the 
form 


A 



A 

A 


sinh A 
cosh A 



A 

0 


3 


£ 



(29) 


where the /V's are n by n orthogonal matrices and _A is an arbi- 
trary diagonal matrix. 

It is interesting to note that if A and B are "rotations" in 
the same pseudo-space, then A • B is a "rotation". The identity 


1. Youla, 



I 


1 


I 


1 
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matrix ia also a "rotation", so these transformations form a multi- 
plicative group with an identity. 

Now we are prepared to aet down the aymmetry conditiona in 
Eqs. 6, 6 and 7 in a compact form and using the H matrit ea from 
Eq. 18. 


(0 

l(P,y) H n 1(P.>) « 

*11 

(30) 

(il) 

L(o,6 )H 22 E(o,6) « 

*22 

(31) 

(iii) 

E(P.7)H U l(o.6) * 

1 

H 

21 

(32) 


or in terms of the M matrix in Eq. 4 


£(a+p, 7+6)M £(a+p,>+6) = M’ 


(33) 


and these symmetry condition!: hold for time-varying as well as 
constant systems. 

From Eq. 18 and substituting 


— Q 


A 

L-6J 


u = 


r A n 

v 

— a 


L-6 


(34) 


then we obtain the representation 

1 * 11*22 - i?2i <9» ♦h,,>' i h 12 I „ 


(35) 


We now ask what sort of transformations can be made on the H 
matrices to generate new networks with the same impedance. The 
intent here is to find families of transforms which cover all possible 
minimal representations although there may also be included some 
unrealizable transformed systems. 

The first step, since the impedance must remain unchanged, 
is to define 


z * % - u (36) 

because cannot be effected by any transformations which do not 

change the total impedance. ’hus, 


z 


-H 2 ,(Qs ♦ Hj,)’ 1 H, 2 u 


(37) 



(3H) 


If we normalize to obtain unit inductors and capacitors we have 

£ * -bn 4 (i* ♦ v'O " ‘_H n v/Q • 1 )'\ / Q- , H 1Z u 

Now, as in the case of the RC transformations, let T be a non- 
singular transformation then 

z* I^H^u (39) 

Further restrictions will be required of the T transformation, 
but first to be completely general we can uso an arbitrary reactance 
matrix P by noticing 

z - -H 21 ,^ * l T m l SP(Pu WT> I ‘ l Hj ,V5" 1 T ■ VPf 1 

•>/? T/Q ’*H 12 u (40) 

Thus, we have generalized the form of all the possible reali- 
zations given a particular realization, i, e. , given a Q and a set of 
H matrices. The only problem which remains is that of placing the 
extra necessary conditions on T. 

Let us hypothesize that a sufficient condition to be required of 

T is 

T '£(0.7) T a £(p, 7 ) (41) 

That this is also a necessary condition to relate any reali- 
zati ns of the same dimension is here only asserted, but let us at 
least prove that all of the symmetry conditions of Eqs. 30, 31 and 
32 hold. 

(i) L(P.7)>/pTVQ' 1 H li yQ‘ 1 T' 1 /P2(P,7) 

r vT ' T _1 VQ^H'j , TO' 1 T^/P ' (42) 

= /pt ’ 1 v/q -1 h'j j Vq - l TSP 

because of the fact that the P and Q matrices are diagonal. Also 
from this fact 

L(P, 7 ) T>/Q ” 1 H j j^-V^P. 7) 


( 43 ) 
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Premultiply by T ' and post multiply by T and make the 


substitutions of Eq. 41 

£(P,‘y)>/g‘ l H n Jg~ l L(V,y) l yQ‘ l H' u Tq' 1 (45) 

Since /q"* i» diagonal we obtain 

£(P»t)h u £(P.7) * h' m ( 46 > 

which is true by Eq. 30. 

(ii) Eq. 31 remains unchanged 

(iii) Z(P,7h/P T^’ 1 H 12 £(o,6) * vP' T" 1 ^' 1 H^j (47) 

Using methods similar to those in Eq. 43 

£(P.7)I>/Q" l H 12 £(a.6> = H 21 (48) 

H^j (49) 

finally E(p, 6) = j (50) 


Thus, the restriction on the T transformation is that it be a 
"rotation" in the ~^ + ^(P,y) pseudo-space. 

The matrix diagram showing the relations between the different 
representations is given on the following page. 

As in the RC case, there may not exist realizations for each 
possible T. And, in fact, given a desired P it may be quite difficult 
to iind a T for which a realization can be found. 

We now take four LC network realizations of the same im- 
pedance and demonstrate the RLC transformations which relate them. 

Example : Consider the impedance 

Z ( .) = (51 

s(s ^+2) 

The intent here is to find T matrices which will make the trans- 
formations between various different realizations, (Since Z(s) is 
the reciprocal of Eq. 7 of the previous section, realizations of 
Eq. 51 can be obtained by using the so-called "dual networks" to 
those previous realizations.) 

Using the methods of the previous section we can easily find 
the Foster II realization as 
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Foster II Realization 


Now Eqs. lb and 17 become 


_d_ 

dt 


'1/2 v 2 ‘ 

r 

1/6 v 3 

a 

2 *4 





0 

0 

0 

1 


-1 

0 

0 

0 



(52) 


= [0 0 1 1 J 


(53) 


L*5j 


and thus Eq. 35 becomes 

! =-[00 1 1 ] 


A 

i, 


( 1/2 

0 

0 

o' 


0 

0 

-1 

0 

V- 1 

■ 0 • 

° 

1/6 

0 

0 

s + 
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0 

0 

-1 

f 

0 

1 ° 

0 

2 

0 


1 

0 

0 

0 


- 1 

vL o 

0 

0 

2. 


0 

1 

0 

0. 

) 

1_ 


To normalize this representation note that 

j/2 0 0 

-1 


sTq 


0 

0 

Lo 


/6 

0 

0 


0 

1//2 

0 


0 
0 
0 

1//2J 


A 

V . 
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(55) 
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( 56 ) 



h 21 >/q" 1 =[° 0 » /yfl \/4l\ 


( 57 ) 


Now compare this to the normalized Foster I realization which 


is found from 



’oster I Netwoi 


This network is represented by the equations 



( 58 ) 


( 59 ) 



57 


Thus , 



'4Tfl 0 0 0 

0 1//2 0 0 

0 0 2 0 

0 0 0 1 


and so in normalized form 


’ 0 

0 

0 -1 ' 


0 

0 

0 

- 4 V~i 

0 

0 

1 -1 

4 q ' 1 = 

0 

0 

/2 

- 1//2 

0 

-1 

0 0 

0 

- 4 2 

0 

0 

1 

1 

0 0 

m 


L /5 jt 

1//2 

0 

0 



H 2i yQ- l =l° 0 0 1] 


( 60 ) 


( 61 ) 


( 62 ) 


At this point it can easily be verified that the "rotation" which 
transforms the normalized Foster II form into the normalized 
Foster I is 


T 



1 

' 2 

0 

0 

1 

■ 2 

-V 3 

0 

0 

0 

0 

_1_ 

i 



4z 

/2 

0 

0 

l 

J_ 



4z 

’ 4z , 


( 63 ) 


To continue' we find that the Cauer I form yields the* network 


Zls) 



A 



\_ 

(a 


Cauer I Realization 
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er I realization to 
will transform 
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Once more, us inn the methods 
sec tion we find the Cauer II network to be 


( 69 ) 


of the previous 
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So in this c ase 



/ 77 I 000 

0 5//2 0 0 

0 0 2//5 0 

. 0 0 0 1//5 


( 72 ) 


Jg- 


~ 0 0 -1 -1 


0 

0 

-v'6/5 

-/17T0 

0 0 0 -1 


0 

0 

0 

- JV[l 

10 0 0 



0 

0 

0 

1 1 0 0_ 


J 3/ 1 0 


0 

0 

-J 




0 
0 

2 _ 
/5 

L/5 . 


h 21 /3 


-1 


“> 0 75 ^ 


(73) 


(74) 


Now when we compare this realization to the others we find 
that the T which transforms the Foster II form into this Cauer II 
form is 


T 


7 ^ 3 7 0 0 

• | 3 0 0 

0 0 -J- 

/ 10 /10 

0 0 - — — 

L /10 /10 


(75) 


These results are tabulated in the table on the following page. 

It is interesting to noi;e the fact that the Foster II and Cauer I 
forms yield the minimum total capacitance, while the Foster I form 
offers the leaat inductance. 

The RLC transform theory which has been presented seems to 
have one very serious drawback. This is the restriction which re- 
quires the number of capacitors and the number of inductors to re- 
main the same throughout the transformations. This drawback is in- 
herent in the theory due to the inflexibility of the numbers of current 



T which takes the 
normalized Foster II 
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Table Showing Normalized Network Representations 
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and voltage variables whu h in turn fix the numbers uf inductors and 
capacitors (in £ these are the numbeis of + 1 's and - l 's re- 
spectively). 

For example, a network which cannot be linked to the previous 
systems, but which does yield the same impedance 

Z,., . , 

»(■ + 2 ) 

is the circuit 



Nonminimal Realization 

However, in a way, we are not as "interested" in this network 
because it uses more reactive elements than the previous realizations. 

In light of this we make the following definitions. 

Definition 1: If H( s ) * 8 realized by a passive network using 

the minimum number of reactive elements then we call this realization 
minimal. 

It is well known that this minimum number of reactive elements 
which will realize a given H(s) (which is bounded at infinity) is the 
minimum dimension of all square matrices Hj ^ which permit the 
representation 

H(s) * H 22 - H 2I (I* + Hjjf 1 H, 2 (77* 

where H^j, ant * Jj ^ are constant (this number is called the 

McMillan degree). 


* 
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1 f we are only interested in time invariant minimal realisations 
we can specify not only the total number of reactive elements, 
but also the number of inductors and capacitors individually. So the 
RLC transform theory will relate all constant, minimal realizations. 

It is possible to calculate these minimum numbers of in- 
ductors and capacitors explicitly. 

Definition 2: The Cauchy index of a real rational function 

Z(s) between the limits a and b (denoted by I^Z(s))is the number 
of times Z(s) jumps from minus infinity to plus infinity, minus the 
number of times Z(s) jumps from plus infinity to minus infinity as s 
increases from a to b. 

Theorem 1; In any minimal realisation of Z(s) where n is the 
total number of reactive elements then 

2 [ n*I^ Z(s)J s number of inductors (78) 

[ n + 1°^ Z(s)j * number of capacitors (79) 


and any nonminimal synthesis requires at least this many inductors and 
capacitors. ^ 

Fxamp l C nsidcr the impedance 


1 ) 


S^+8+ 1 


( 80 ) 


What number of inductors and capacitors must be used to synthesize 
this function ? 

Because Z(s) is a scalar function with no common fa< tors in 
the numerator and denominator (i. e. , irreducibile), then the maximum 
of the degrees of the numerator and denominator is the McMillan degree 
of Z(s). Thus, 


n = Z 


( 81 ) 



A pole tcro plot of Z(i) readily 
reveal* that there will be no "jump*" in 
Z(») a* * goes from -ud to +oo. So 
1°° Z(s) = 0, and therefore 

•CD 



pmc-z ero Plot of Z(*) 

n-I^Zt*)) « jU-OJ * 1 inductor (82) 

■jl n+I^^ Z(s)| =-jl2+0| * 1 capacitor (83) 

and these are the minimum numberjof capacitor* and inductor* required 
for the synthesis . In fact it can be easily verified that the network 


0 — w 

♦ l 


Z (s) 




l 


Minimum Realization 


does indeed have the impedance 

, s^+2s+2 

Z(s) = —t (84) 

sSs + 1 

Therefore, since only the minimum number of capacitors and inductors 
have been used (these numbers given in Eqs. 82 and 83 , thus this is 
a minimal realization. 

To sum up, we have said that any two networks with the same 
input-output representation have a T which connect them if they are 
minimal. However, the possibility of equivalent nonminimal realizations 
can not be excluded. Still needed in this field is a type of transformation 
which is capable of relating nonminimal forms to the minimals. 


Ii may be interesting to ponder the conjecture that the four 
realizations given on pages 10 to IB are the only minimal realizations 
of that impedance function. 
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f 


Transfer Function Synthesis 

We now address ourselves Co Che problem of generacing a two- 
porc neCvork which haa a certain Cransfer character isdc . Ic Is 
common Co express Chis cransfer characCerisdc in one of Che Chree 
forma 


1) 

*12 

transfer 

Impedance 

ii) 

y 12 

Cransfer 

admittance 

lii) 

U 12 

volcage 

Cransfer functions 


The voltage cransfer funecions are Che 2 t l terns in Che macricea 
below 



( 1 ) 


Firsc of all we consider building *rlch no regard for 
minimality, or z^ and z^* This can always be done if z^ 
merely sadsfies the condition chac it can be expressed as che 
difference between two positive 'eal funecions. 


‘12 


t. - i 

b a 


( 2 ) 


If this is possible Chen the symmetric latcics shown in Che following 


figure realizes z^ since an easy calculation yields 


i 



( 3 ) 


* ♦ 


i. - i 
b a 


«. - z 
b a 


, z. ♦ z 
b i 



A Network for Realizing z^ ■ z fa - z g 


Certainly any function which has all its poles in Re s « 0, 
which has only siaple poles with real residues on Re s • 0, and 
which grows no faster than |s| as |s| •* • cart be realized in this 
way. 


If we ask for a synthesis of z^ which is minimal in the sense 
that the number of reactances should equal the McMillan degree of 
z 12 then the situation is more complex. To begin with, we will 
cons' 'er certain properties of these minimal z^,, realizations. 

For simplicity we take up only the case where z^ has simple poles 
and no pole at Infinity. 

Property 1 : If Z(s) is the impedance matrix of a minimal 
realization of 

n 

z 19 <s) ■ [ a./(s ♦ X ) (4) 

1 i-1 


then 


Z(s) - Z(») 


n 


l 

i-1 




(5) 
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This form comes about because the McMillan degree Is the sum 
of the ranks of the residue matrices. Hence, minimality demands 
that these residue matrices have rank one, and thus thcv must he In 
the form of Eq. 5. 

Prop erty 2 The sum of the numbers of Inductors and capacitors 
in a minimal numbers of inductances and capacitors necessary to 
build the z^ (or z^) term of that realization. Therefore, 

No. of L'a - ^ no. of complex poles + no. of real poles with 0^ < 0 

No. of C's - ^ no. of complex poles + no. of real poles with ft ^ > 0 

It should be clear that the choice of the sign of in Z(s) 

is arbitrary. Hence, there arc minimal realizations which use 

different numbers of Inductors and capacitors (provided some of 
the poles of z^ are real). To make this point perfectly clear 
consider the following two networks : 



for which 

- (8) " (s+l)(s+2) 


Realization 1 


2 12s + 16 


( 6 ) 


and 



( 


« 


Realization 2 
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for which 


Z(s) 


1 


(•♦l)(.+2) 


2s ♦ 6 

2 


8 2 U 


And thus we have two different minimal real lzatlons of 


Z 12 (SJ " (s+l) (s+2) 


We now consider the question of generating all possible z 


12 


realizations from a t ,lven one. This will be more difficult than 
the Job of generating all Z realizations from a given one because 
of the added degrees of freedom implicit in the rather loose 
constraints on z^ and z ^ . 

A two port Impedance description after normalization will 
have the form 

1 


-A 1 

-11 

h 12 

h 13 

X 

V 1 

“llx 2^-1 ^ P » Y > 

h 22 

h 2 3 

l l 

V 2 


h 23 

h 33 ! 

4 t 


where the network symmetry confines 

I 1 (B.Y)H u £ 1 (e.Y) " Hj x 

where we ha r e used the fact that <i“0 and £(0,6) • A change of 

variables, x* • Px, with P constant and nonsingular gives 


*. ' 

i i 

i i 

v. 


flill? 


-1 


"!i[ 3 I 1 (8.Y)P_ 


-1 


-l 


—12 


22 


23 


“i r 

—13 ! ' i* 


23 


33 


1 


( 7 ) 


(K) 


(9) 


( 10 ) 
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Naturally Eq. 11 will not have network symmetry unless 


E^e.YJPE^fi.Y) - P’ 


( 12 ) 


However, only the terms which contribute to z 12 are really essential 
here, and the others can be adjusted to give network symmetry. The 
terms which must remain unadjusted are the 1, 1-block, the 1,2- 
block and the 3,1-block. Changing the 1, 3-block and the 3,2-block 
to reflect the symmetry conditions brings about an H matrix of the 
form : 



-11- 1 

—12 

^(B.YJP^'IjtB.Y^j 

M - 

-!li2^ , ^2 (B ’ Y) 

h 22 

h 23 

' 

-hJ&te.Y)!" 1 

h 23 

h 33 


(13) 


where we have Introduced ^ ( , ) as the signature matrix of the new 
realization. Notice that there is one constraint on P, namely that 

Sjffl.YjPHjjjf^fB.Y) - (ZHni" 1 )' U*> 

But since • Ej (B.Y)^^ (B, y) we can be more explicit and write 
E 2 (B,y)PH 11 £" 1 I 2 (B,y) - P 1 '^ (a.DH^Ej (a.B)P' (l'i) 


Premultiplying by E^P' gives 


£1- -2— n ‘ SnMV 


(16) 


That is, E^P’E^P must commute with d^. 

Thus, the sole constraint on a P transformation which vlelds 
a matrix with the proper network symmetry is that EP commutes with 

for some £, so we can make a diagram which will relate norma lized 


\ 


t 


realizations . 
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-12 


- <I 8+ M 11 ) 


-1 


—12 


- (I^P« U P ' 1 )" 1 


< - * T 

P 1 


—31 


Nr 


—31— 


-1 


Diagram Relating Normalized Minimal Representations 


Example : We will here relate tho two networks represented bv 
Eqs . 6 and 7. The state equation for realization 1 Is 


1 ? 
•> 

I 

1 


i 

OD DO 

1 

" 8 

-1 

0 

1 

V . 1 

cl l 

- -A v 


1 

1 

n 

_ 1 


, 1 

12 e2 

. 

' 8 

8 

u 




V pl 


1 

0 

0 

0 


‘pi 

1 

M 

CL 

> 

1 


0 

1 

0 

0 




a nd after normalization this becomes 




3 12 0 

* X 1 


2 ■ 2 Vi 1 

*2 

■ 

-i | 0 -1A 



o 

o 

o 

Ml [c^ 

V P2_ 


0 2/3* 0 0 



1 


1 

I 


( 18 ) 
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Similarly, the state equation and normalized state equation 


(or realization 2 

are 

• 




u 

•> 

1 

0 

1 

-1 

0 

1 

V cl 

1 

1 , 

3 ! 

-1 

1 

0 

1 

*L2 

■ 




f 


i v pi 

1 

0 

0 

0 

l pl 

V P2 

0 

1 

0 

1 

f 

; 4 p2 


I 


(19) 


• 

• *, 


0 2 - - 0 


1 

X. 

i 


/3 


1 

- * 2 


-/2 3 0 /i 


x 2 


- 

0 0 0 


| 

v pi 


/ 3 


Pi 

V - 


o 

Si 

O 

►-* 


1 , 

l- p2 J 

L — J 


p2 J 


( 20 ) 


So the z^ diagram relating these two normalized representations 


Is : 



■ 2 * 
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Realization 1 Realization 2 


z 


12 


Diagram Relating Two Normalized Representations 
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Tlme Varying Realizations 
Clven Che Impedance 


z(s) 


b‘4-38+2 


( 1 ) 


sN-2s*2 

It la clear from the relationship between the Cauchy Index and the 
reactance signature that no RC realizations exist which are time 
Invariant. But the possibility of time varying RC realizations 
cannot be ruled out. In fact we will here generate such a realization 
from the given RLC realization : 



Figure 1 : Ne twork wh ich Realiz es Eg. 1 . 


This network is represented by the Cqs. 2 and 3. 



nrxil ri* 
iJL x J Lo- 


l 

p 


V • 

p 


(-1 



♦ i 

p 


( 2 ) 


(3) 


Moreover, we know that all otier minimal representations of z(s) 
which use constant elements can be obtained by rewriting the equations 
in terms of x* where x* • Tx with E(l, -1)TE(1,-1) ■ T' . 

On the other hand, certain time varying transformations, T(t), 
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can be found which will put this system in the RC clans at the coat 
of introducing time varying coef f lclenta . Consider defining a 
transformation 


m et -.m nrM 

sin t cos t J L 


J 


Then a short calculation shows that 



rcos 

t 

i* 

A 



Lsin 

t 

Hei'cc, x* satisfies 


- x* - 



-*! 

■ 


V 

L p J 


where in deriving t 

rcos t 

-sin 

Lsin t 

cos 


cos 


t "1 rcoi t -sin tT ["0 -IT 

,J 4 l.,n, co* 1 1 M oJ S 


1 

0 


0 

1 


cos t 
sin t 
1 


x* 

1 

X* 

2 

l ‘p j 


tir 1 1 1 r cos t sin 1 1 

tJL-1 1-1 L-sln t cos t-» 


(4) 


(5) 


(4) 


p cos t -sin t t r 0 -l*irctst sin t "] r 1 01 

<7> 

1 sin t cos t J L 1 0 JL-sin t cos t J Ln 1-1 


Now the M matrix for hq . 6 satisfies the equation 

I(2,l)Mr(2,l) - M' ( 8 ) 

lienee, Eq. 6, if realizable at all, will correspond to a two capacitor, 
no inductor circuit. Some experimentation yields the realization of 
Eq. 6 given in Fig. 2. 
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1 -faint 1 / y 



lnt 


Flf . 2 : T lux Varying RC R ealizati on of z ( a ) • 

a^+2a+2 

If we let the terminal variables be voltage and charge then the 
equations remain unchanged If we replace the resistances by elaatances 
(Inverse capacitance) and replace the capacitances by resistances. 
Hence, the network In Fig. 3 has 


A 

v 

T 

q 


si(s) 


s 2 +3s+2 

s‘‘-f2s+2 


(10) 


It Is left as an exercise to the reader to verify that If the 
capacitors In Fig. 2 are replaced by arbitrary lapedances z^a), then 
the terminal Impedance would be 


z(s) - 2 - y { 
Note that for a^U) 


1+z^s+l) + 14-Zj(a-1) 
■ | . as In Fig. 2, 


(ID 
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Fig. 3 : Time- Varyi ng RC Reali zation of z(s) • " - y - ^y 2 — 

s>2lV2« 
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1 ♦ 


• ♦1 


1 ♦ 


s-i 


( 12 ) 


*(•) 


2 


1 , s-»l 

2 ' •♦!♦! 


8-1 

•♦ 1-1 


(13) 


♦ s ♦ 1 
(s+1) 2 ♦ 1 


z(s) 


b 2 ^3s^2 

s 2 42s^2 


(16) 


(15) 


Likewise, If In Fig. 3 the resistors are replaced by Impedances 
*j, then the terminal Impedance Is given by 


z(s) 


2 _1_ < 1. . 1 i 

a “ 20 ' l+fa+i) z^fa+l) l^a-Dz^s-l) ' 


(16) 


Neither of these results Is difficult to prove If Che system Is 
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deacrlbed In the time domain and shift theorems are used. 

The general approach to time varying realisation theory which 
these examples suggest will now be summarised. 

(1) Find a set of flrsr order equations In the form 


-x ■ Ax ♦ Bu ; jr ■ Cx ♦ Du (17) 

which generate the desired terminal behavior. 

(11) Find a time varying, nonsingular transformation P(t) such 
that the change of variables x* - P(t)x, which gives 

x* - (P(t)AP* l (t) ♦ P(t)P -1 (t))x* ♦ P(t)Bu (18) 

1 - CP _1 (t)x* ♦ Du (19) 

generates a realisable N matrix 


M - 


PAP' 1 ♦ PP 




( 20 ) 


At present the number of worked examples is limited. However, 
this approach has been successful enough to allow the design of 
certain nonreciprocal two-ports as well as some parametric amplifier 
circuits . 

Exercise : Compute s(s) for the circuit shown below 
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1-COSt 


v-V 


/• 
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l+cost 


✓ X 

l-sln^\ * 1 


1+sint 


■\*1 V 7 


, ~ 1 ‘ 1 ; ■ ’ 
^ 1 ^ 1 -. 


lnt 


where all values are conductances. 


Most of these results are from a paper by R.W. Brockett and R.A. Skoog 
and/or from R.A. Skoog's Ph.D. Thesis, Dept, of E.E., M.I.T., 1969. 


